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Abstract 

We introduce the metric spectrum, which measures the exponential 
rate of approximation to an isolated invariant set of points starting in 
its stable set, and relate it to the Lyapunov spectrum. We determine 
the metric spectrum of each Morse component of the finest Morse 
decomposition of a linear induced flow on a generalized flag manifold. 
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1 Introduction 

Let be a discrete or continuous-time flow defined on a metric space (X, d). 
If M C X is a compact isolated 0*-invariant set which is not a repeller, we 
introduce an spectrum, called metric spectrum, which measures the exponen- 
tial rate of approximation to M of points starting in the stable set of M, as 
illustrated by Figure [H 




Figure 1: The approximation of to M. 
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We show that this spectrum is an invariant of the conjugation classes by 
bi-Lipschitz maps. In particular, when X is a manifold, the metric spectrum 
is independent of Riemannian metrics. When the restriction of 0* to an open 
neighborhood of M is conjugated to a linear flow the metric spectrum 
is given by the negative Lyapunov exponents of $*. In particular, if M is 
normally hyperbolic, this implies that its metric spectrum is not empty. 

Now let (7* be a linear induced flow on a flag manifold Fe of a connected 
noncompact real semi-simple Lie group G. Assuming that (7* is conformal (its 
unipotent Jordan component is trivial), we determine explicitly the metric 
spectrum of each Morse component of the finest Morse decomposition. This 
is done by combining the linearization presented in [7] with some results on 
the Jordan decomposition of presented in [3]. This result generalizes the 
following simple situation. Let G = S1(2,]R), Fe = PM^ and 



We have that [ei] and [62] are, respectively, the attractor and repeller compo- 
nents of (7* in PM^. For each [v] 7^ [62], we have that g'^[v] [ei], when t 00. 
The S0(2, ]R)-invariant distance d in PM^ is such that d{g^[v], [ei]) = Of, where 
6t is the angle illustrated in the Figure [2J 





Figure 2: The approximation of g^[v] to [ei] in PM^. 



Since 




1, 



it follows that 



\im-\ogd{g'[v],[e^]) = -2\ 

t^oo t 



where we use that 
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For the attractor component of in the maximal flag manifold F, we do 
not need to assume that is conformal. When g^ is arbitrary, the metric 
spectrum of its attractor component in the maximal flag manifold will be 
called the flag spectrum of g^. 

2 Preliminaries 

For the theory of semi-simple Lie groups and their flag manifolds we refer to 
Duistermat-Kolk-Varadarajan [2J, Helgason [1], Knapp [5] and Warner |10]. 
To set notation let G be a connected noncompact real semi-simple Lie group 
with Lie algebra g. Let Ad : G — >■ Gl(g) be the adjoint representation of G. 
An element g & G acts in the Lie algebra g by the adjoint representation, so 
that for X G g we write 

gX = M{g)X. 
With this notation we have that 

c/exp(X)^"^ = exp(^X) and exp(X)r = e^'^^^V, 

for g e G, X,Y e Q. 

Fix a Cartan involution 6* of g, a maximal abelian subspace a C 5 and a 
Weyl chamber a+ C a. Let g = 6 © s be the Cartan decomposition and (■, •) 
be the Cartan inner product associated to 6. We let LI be the set of roots 
of a, 11+ the positive roots corresponding to o+, S the set of simple roots in 

n+. 

For each C S, we denote by Fe the associated flag manifold, which 
is a homogeneous space of G. Let fee be the base point, Pq be its isotropy 
group and pe be its isotropy algebra. Each element X G g of the Lie algebra 
induces a differentiable flow in the flag manifold Fe given by 

(t, x) exp(tX)a;, t G M, x G Fe- 

This flow is generated by the induced vector field which is denoted by X- and 
its value at x is denoted hy X ■ x. An element g E G acts in a tangent vector 
V G T^Wq by its differential at x. We denote this action by gv = d^glv). For 
induced vector fields we have that 

g{X -x) = gX ■ gx. 
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For a fixed x G Fe, the map X X -x is a linear map from g to TJFq wliose 
kernel is tlie subalgebra of isotropy at x. 

We fiave that the compact group K = exp(t) is transitive in Fe, its 
isotropy subgroup at fee is denoted by Kq and its elements acts in g by (•, •)- 
isometries. There exists a /^e-invariant subalgebra rie which complements 
pe in g. Thus we can identify the tangent space of Fe at 6e with rie and 
(■, ■) determines a i^'-invariant Riemannian metric in Fe given by 

\X-x\ = \Y\, 

where X ■ x = k(Y ■ be) with k e K. The Weyl group W = M*/M acts on 
a by isometries, where M* and M are, respectively, the normalizer and the 
centralizer of a in K. 

We denote by t G T = R or Z, the right invariant continuous-time 
flow generated by X G g or the discrete-time flow generated by (? G G. 
More precisely, when T = R, we have that = exp(tX) and, when T = 
Z, we have that is the t-iterate of g. The flow induced by (7* on Fe 
is called a linear induced flow. Let (7* = e*/i*M* be the multiplicative Jordan 
decomposition of g^, a commutative composition of linear induced flows. The 
elliptic, hyperbolic and unipotent components of (7* are, respectively, the flow 
e*, the flow = exp(tif) and the flow m* = exp{tN), where H is called 
the hyperbolic type of the flow (7* and ad(A^) is a nilpotent operator. The 
hyperbolic component is gradient with respect to a given Riemannian metric 
on Fe (see [2], Section 3). The connected components of fixed point set of 
this flow are given by 

fixe(-ff, w) = Kniube, 

where Kh is the centralizer of H in K. The stable and unstable sets of 
G.xq{H,w) with respect to /i* are given, respectively, by 

stQ{H,w) = N^iixQ{H,w) and uiae{H,w) = N^fixe{H,w) 
where = exp(n^), 

njj = 5^{0a : a{H) < 0} and n+ = ^{Sa ■ a{H) > 0}. 

For an arbitrary linear induced flow on Fe, we have the following similar 
description for its finest Morse decomposition (see Proposition 5.1 of [3]). 
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Proposition 2.1 Let he a linear induced flow on ¥q. The set 

is the finest Morse decomposition for . Furthermore, the stable and unstable 
sets of 6.xq{H,w) with respect to g^ are given, respectively, by 

stQ{H,w) and une(-ff, w). 

Now we define the subspace 

t^fee = ^H^ wn^ (1) 
and the family of subspaces C given by 

— 

for X = kwhe, where k G K^- By Proposition 3.1 of [7], the families are 
well defined, each is /i*- invariant and, for k G Kh, we have 

Furthermore we have that the map 

is a linear isomorphism, for each x G fix0{H,w). 
By Propositions 3.2 and 3.3 of [7j, we have that 

Vi{H,w) = |J{[± -x: xe Rxe{H,w)} 

are differentiable subbundles of the tangent bundle of Fe over fix@{H,w) 
such that its Whitney sum 

Ve {H, w) = V^{H, w) © V^{H, w) (2) 

is the normal bundle of fixe(-f^, w) and whose fiber at x G fix0(if, w) is given 
by 

Ve {H, w)^ = \x-x, where = [+ © 

It follows that the map 

X^l,^X-x^Ve{ll,w)^ 
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is a linear isomorphism, for each x G fixe(iJ, w). 
Now we define the hnearization map by 

^ : Ve{H, w) ^¥e, ip {X ■ x) = exp{X)x, (3) 

where X E Ix and x G fixQ{H,w). By Theorem 3.4 of we have the 
following result. 

Theorem 2.2 The Tnap ip '. Vq(^H, w) — > F@ takes the null section Vq(^H, w)q 
onto fixe(-ff, w) and satisfies: 

i) Its restriction to some neighborhood JV of Vq{H,w)q in Vq{H,w) is a 
diffeomorphism over a neighborhood N of fixQ{H,w) in ¥q. 

a) Its restrictions to Vq{H,w) are diffeomorphisms, respectively, onto 
uhq^Hjw) and stQ{H,w) . 

The above map ip : Vq{H,w) — > Fe is a conjugation of the fiow on a 
neighborhood of the attractor component fixe {H, w) to the linear fiow 

g\X ■ x) = g'X ■ g'x 

on a neighborhood of the null section of Ve{H, w) if and only if Ve{H, w) is 
invariant and ip is equivariant by the fiow g^. A sufficient condition is that 
the map x ^ he equivariant by g^, i.e, that g^l^ = igtx- For the attractor 
component fixe (-ff, 1), by Corollary 3.6 of this happens whenever either 
O C or C O, where S(-ff) is the annihilator of H in the simple 

roots S. For the other Morse components, by Proposition 5.5 of |3], it is 
sufficient that g^ be conformal, i.e., its unipotent component be trivial. 

3 Lyapunov and metric spectra 

Let 0* be a discrete or continuous-time fiow defined on a compact metric 
space (X, d). If M C X is an isolated compact 0*-invariant set, its stable set 
is given by 

st(M) = {x G X : uj{x) C M}. 

Let us assume that M is not a repeller, which is equivalent to that st(M) 
is not empty. We say that x G st(M) is metric regular if there exists the 
following limit 

\{<P\x) = lim - log d{(f)\x),M), 

t-^OD t 



6 



called the metric exponent of(f)^ starting atx, measuring the exponential rate 
of approximation of to M. The metric spectrum of (f)* relative to M is 
defined by 

A(0*, M) = {\{(j)*,x) : X is metric regular}. 

The following result shows that A(0*, M) is an invariant of the conjugation 
classes by bi-Lipschitz maps. 

Proposition 3.1 Let {X,d) be a metric space and i(j : X ^ X be a bi- 
Lipschitz map. If (p — ip4>'^ip~^, X — ip{x) and M — ip{M), then 

\{4^\x) = \{j\x) 

and 

A(0*,M)=A(0*,M). 
In particular, A(0*, M) is independent of equivalent metrics. 

Proof: Since is a bi-Lipschitz map, there exist positive constants 6, c e R 
such that 

bd{x,y) <d('ijj(x),ijj(y)) < cd(x,y), 
for every x,y e X. We have that 

1 1 

X($\ijj{x)) = lim -logd(^\iJj{x)),ip{M)) = lim - log d{iJj{(j)\x)),ip{M)) 

t—KX> t t— »00 t 

and thus 

lim -log6d(0*(x),M) < A(V'(x)>*) < lim - log cd{(f)%x) , M) 

t— >oo t t^oo t 

showing that X{(f)^,x) — X{(f)^ ,^{x)), since 

1 1 
X{(f)\x) = lim - log bd{(p\x),M) = lim -logcd{(p\x), M). 

t—*oo t t— ►oo t 

The last assertion follows, since two metrics d and d are equivalent if and 
only if the identity map from {X, d) to (X, d) is a bi-Lipschitz map. □ 

Since diffeomorphisms between Riemannian manifolds are locally bi-Lipschitz 
maps, we have the following result. 
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Corollary 3.2 Let ip : X ^ X be a dijfeomorphism between the Riemannian 
manifolds {X,d) and {X,d). If (f) — t/jcf/tlj'^, x — '^{x) and M — '4>{M), 
then 

\{^\x) = \{j\x) 

and 

A(0*,M) = A(0*,M). 
In particular, A(M, 0*) is independent of Riemannian metrics. 

Proof: Since X is locally compact and M is a compact subset, there exists an 
compact neighborhood B of M . Since is a diffeomorphism, it is a locally bi- 
Lipschitz map and its restriction to is a bi-Lipschitz map onto its image. □ 

Now we establish the connection between the Lyapunov and the metric 
spectra. We recall that for a linear flow $* of a normed vector bundle (V, | • |), 
we say that v is Lyapunov regular if there exists the following limit 

\l{^\v) = lim ilog|$*w|, 

t^oo t 

called the Lyapunov exponent of starting at v, measuring the exponential 
rate of growth of 1$*^!. The Lyapunov spectrum of is defined by 

Al(^*, V) = {Al($*,v) : V is Lyapunov regular}. 

The stable Lyapunov spectrum of is defined by 

Al{^^, S) = {AL(<l>*,f) : V E S and v is Lyapunov regular}. 

where S is the stable set of the null section of V. 

Proposition 3.3 Let {X, d) be a Riemannian manifold and ip : N ^ A 

be a diffeomorphism between some open neighborhood N of the null section 
Z of the normal bundle V of M and some open neighborhood A of M. If 
M = ip{Z) and ip~^4>''^ip is the restriction to N of a linear fiow $* ofV, then 

for all V & S, Lyapunov regular, and 

A(0*,M) = Ai($*,5). 
Furthermore, we have that A(0*, M) is not empty. 
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Proof: There exist s > such that G and G A. Since 

A($*,t>) = A(<l>*, <l>*f ) and X{(f)\'ijj{v)) = A(0*, we can assume that 

V E N and ip{v) G A. By Corollary I3.2[ we have that 

X{^\v) = Xi^%,v) = A(</)*U,^(t;)) = A(<^*,^(t;)). 

Thus it remains to prove that A($*,f) = Xl{^^,v), for all f G 5, metric 
regular. Let d be the Sasaki metric on the normal bundle V (see Section 4.2 
of [1]). We can choose such that d{v, Z) = \v\, for all v E N . Thus, for all 
f G we have that v is metric regular if and only if v is Lyapunov regular 
and, in this case, A($*,f) = Al($*,w). 

For the last assertion, we first observe that Z is a $*-invariant and iso- 
lated, since M is a 0*-invariant and isolated. Thus the restriction of S over 
some chain transitive component of the flow induced by $* on the base M is 
a subbundle (see Theorem 2.13 of [9J). Thus we can apply Oselec theorem 
(see [6j) to the restriction of $* to this subbundle, showing that Al($*, S) is 
not empty. □ 

The previous proposition and Theorem 1 of [8] imply the following result. 
Corollary 3.4 If M is normally hyperbolic, then A(0*,M) is not empty. 

4 Flag spectrum 

In this section, we determine explicitly the metric spectrum of a linear in- 
duced flow relative to a Morse component fixe(-ff, w). First we need to 
introduce some suitable constructions, which are related to the constructions 
presented in the Section [2l We denote 

AeiH,w) = {a{H) : C U^}, 

where 

Iwbe = in'jj®njj)n wxIq. 

Now writing 

AeiH,w) = {Xi> ■■■> Xn^}, (4) 
for each i G {1, . . . , '"'e}; denote 

b, = {X: ad{H)X = XiX} 
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and define the family of subspaces given by 

[^ = [,n5^{b, :j>z}. (5) 
Proposition 4.1 For each i E {I, . . . yn^}, we have that 

for X = kwbe, where k G Kh- Furthermore, if H is the hyperbolic type of 
and 

{i) w and G are arbitrary, with conformal or 
(ii) w = 1 and <d C or ^{H) C G, with g^ arbitrary, 

then 

r7*p = P 

y X g^x' 

Proof: First we note that the eigenspaces of ad{H) are invariant by the cen- 
trahzer Gh of H in G, since the elements of Gh commute with ad(if). The 
first claim follows, since Ix = kl^bQ, for x = kwbQ, where k G Kh C Gh- By 
Corollary 3.6 and 3.9 of [7j and Proposition 5.5 of [3], if (i) or (ii) are veri- 
fied, then we that g^l^ = igtx- Thus the second claim follows, since g* G Gh- D 

Following the proof of Proposition 3.2 of [7], for each i G {1, . . . , n^}, we 
have that 

VUH,w) = |J{[^ . X : X G &xe{H,w)} 

is a differentiable subbundle of the tangent bundle of Vq{H, w). The norm in 
Vq{H, w) is the restriction of the norm in the tangent bundle of Fe induced 
by the Riemannian metric introduced in Section [2l We need to prove an 
elementary fact about the norm | ■ | in Vs{H,w). 

Lemma 4.2 If v = X ■ x E Ve{H,w), where X E Ix and x G fixQ{H,w), 
then \v\ = \X\. 

Proof: We have that X E Ix = kl^b^ and that x = kwbs, for some k G Kh- 
Thus Y G k''^X G ly,be and 

V = k{Y - wbe) = kw{w~^ ■ be). 
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Thus, by the definition of | ■ |, we have that 

\v\ = \w-^Y\ = \Y\ = \k-^X\ = \X\, 
where we use that K acts in g by (■, ■)-isometries. □ 

Now we prove a strong version of Oseledec theorem (see [6]), determining 
exphcitly the Oseledec decomposition of Ve{H,w) relative to the fiow g^. 

Theorem 4.3 Let H he the hyperbolic type of g^. For each 

(i) arbitrary w and B, when g^ is conformal or 

(a) w = 1 and G C or C 0, when g* is arbitrary, 

each i E {1, . . . , n^} and each v G Vq{H, w) — V^^{H, w), we have that 

^L{g\v) = Xi. 

In particular, every point ofVe{H,w) is Lyapunov regular and 

AL{g\Ve{H,w)) = Ae{H,w). 

Proof: Using Proposition 14.11 and the definition of Vq{H,w), we have that 
V = k{X ■ wbe), for some k G and some X G [^^^ — [J^^^. Writing 
X = '^a-^a, with Xa G 0q,, by the equations (jlj) and ([5]), we have that 

Xi = max{a{H) : Xa 7^ 0}. 

On the other hand, by Lemma 14.21 we have that 

\g'v\ = \g'kX ■ g'kwbel = \g'kX\. (6) 

Let g^ = e*u*h^ be the multiplicative Jordan decomposition of the fiow g*. 
We have that e* acts on g by (■, ■)-isometries, that m* = exp(tA^) with ad(A^) 
a nilpotent operator and that commutes with Kh- Thus we have that 

\g'kX\ = \eVh'kX\ = \u'kh'X\ = \e''''^'-^hh'X\, 

since exp{tN)Z = e^^'^^^^Z. Hence 

\g'kX\ = \e''^^^'>kh'X\ = \k-h''"^'^^^kh'X\ = \e'-^h'X\, (7) 
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where M = k ^a.(\{N)k is also a nilpotent operator. 

By equations (jH]) and ([7]), denoting A = Aj, it is sufficient to show that 



A = hm -log|e*^/i*X|. 

t^oo t 



Since h'^Xn = e"^^''*X„, we have that 



(8) 



(9) 



Denote 



and 



a{H)=X 



I = max{n : Af'^Y ^ 0} < m, 

where m G N is such that A/''"'^^ = 0. In order to get equation ([8]), we just 
need to prove that 



\e'^h'X\ _ 



hm , 



since 



1 /p^H^ \ 
lim-log( — lAT'nj^A. 



Using equation ([9]), we have that 



"r^\Ar^Y\ 



where 



and 



\Ut + Vt\ 

\wy\ 



a{H)=X 



n=0 



n=0 



^-^ ^-^ n! 



a{H)<X 



n=0 



It is immediate that 



lim Ut = -Af^Y and lim Vt = 0, 



(10) 



(11) 
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and thus equation (fTTil implies the equation (fTU]) . 

The last assertion follows, since we have that Vq{H,w) is given by the 
disjoint union 



We denote 
and, for each Aj G Aq{H,w), we define 

where ip '■ VeiH,w) Fe is the map presented in Theorem 12.21 It is 
immediate that the stable set of fix0{H, w) relative to the flow is given by 
the following disjoint union 

ste{H,w) = \J{stUH,w) : A, G Ae{H,w)}. 

The following result determines explicitly the metric spectrum of (?* relative 
to the Morse components. 

Corollary 4.4 Let H be the hyperbolic type of . For each 
{i) arbitrary w and O, when g^ is conformal or 
(a) w = 1 and 6 C T,{H) or T,{H) C 9, when g* is arbitrary 
and each x G stQ(if, w), we have that 

X{g\x) = Xi. 

In particular, every point of ste{H,w) is metric regular and 

A{g'Me{H,w))=A^{H,w). 

Proof: Under the above hypothesis, we have that V@{H, w) is invariant and 
ip : Vq{H, w) — Fe is equivariant by the flow g^. Hence the corollary is a im- 
mediate consequence of Propositions I^TTl and lX^ and Theorems l2.2l and l4.3[ □ 



The previous result allows us the following definition. The flag spectrum 
of an arbitrary linear induced flow g^ is given by A^{H, 1), its metric spectrum 
relative to the unique attractor component fix(if, 1) in the maximal flag 
manifold F, where G = 0. 



13 



References 



[1] A. A. Borisenko: Riemannian geometry of fibre bundles. Russ. Math. 
Surv. 46 (1991), 55-106. 

[2] J.J. Duistcrmat, J.A.C. Kolk and V.S. Varadarajan: Functions, flows 
and oscilatory integral on flag manifolds. Compos. Math. 49 (1983), 
309-398. 

[3] T. Ferraiol, M. Patrao and L. Scco: Jordan decomposition and dynamics 
on flag manifolds, to appear in Discrete Contin. Dyn. Syst. A (2009). 

[4] S. Helgason: "Differential Geometry, Lie Groups and Symmetric 
Spaces" , Academic Press, New York, 1978. 

[5] A.W. Knapp: "Lie Groups Beyond an Introduction" , Progress in Math- 
ematics, V. 140, Birkhauser, Boston, 2004. 

[6] V.L Oseledec: A multiplicative ergodic theorem. Characteristic Lyapunov 
exponents of dynamical systems. Trans. Moscow Math. Soc. 19 (1968), 
197-231. 

[7] M. Patrao, L.A.B. San Martin e L. Seco: Conley index and stable sets 
for flows on flag bundles, Dyn. Syst. 24 (2009), 249-276. 

[8] C. Pugh and M. Shub: Linearization of normally hyperbolic diffeomor- 
phisms and flows. Invent. Math. 10 (1970), 187-198. 

[9] D. Salamon and E. Zehnder: Flows on vector bundles and hyperbolic 
sets. Trans. Amer. Math. Soc. 306 (1988), 623-649. 

[10] G. Warner: "Harmonic analysis on semisimple Lie groups I" , Springer- 
Verlag, 1972. 



14 



